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Abstract
We show, in the same vein of Simon’s Wonderland Theorem, that, typically in Baire’s
sense, the rates with whom the solutions of the Schro¨dinger equation escape, in time average,
from every finite-dimensional subspace, depend on subsequences of time going to infinite.
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1 Introduction and results
There is a vast literature concerning the large time asymptotic behaviour of wave packet solutions
of the Schro¨dinger equation 

∂tξ = −iT ξ, t ∈ R,
ξ(0) = ξ, ξ ∈ H,
(1)
where T is a self-adjoint operator in a separable complex Hilbert space H. Namely, the relations
between the quantum dynamics of solutions of (1) and the spectral properties of T are a classical
subject of quantum mechanics. In this context, we refer to [2, 3, 4, 6, 7, 9, 10, 11, 12, 13, 16],
among others.
1.1 Spectrum and dynamics
We recall that, for every ξ ∈ H, the one-parameter unitary group R ∋ t 7→ e−itT is so that the
curve e−itT ξ, in some sense, solves (1). Next we list two quantities usually considered to probe the
large time behaviour of the dynamics e−itT ξ.
1. Let A be a positive operator such that, for each t ∈ R, e−itTD(A) ⊂ D(A). For each
ξ ∈ D(A), the expectation value of A in the state ξ at time t is defined as
ATξ := 〈e
−itT ξ, Ae−itT ξ〉. (A)
1
2. The time average for A is defined as
〈ATξ 〉t :=
1
t
t∫
0
〈e−isT ξ, Ae−isT ξ〉 ds. (B)
In this paper, we are interested in studying the relations between the large time behaviour of
the time average of expectation value of A in the state ξ and the spectral properties of the spectral
measure µTξ of T associated with ξ. In this context, firstly we refer to notorious RAGE Theorem,
named after Ruelle, Amrein, Georgescu, and Enss [8].
Theorem 1.1 (RAGE Theorem). Let A be a compact operator on H. For every ξ ∈ H,
lim
t→∞
〈|ATξ |〉t = 0,
if, and only if, µTξ is purely continuous.
We note that since any projector onto a finite-dimensional subspace ofH satisfies the hypotheses
of RAGE Theorem, initial states whose spectral measures are purely continuous can be interpreted
as those whose trajectories escape, in time average, from every finite-dimensional subspace.
1.2 Fine scales of decay
A complete metric space (X, d) of self-adjoint operators, acting in the separable complex Hilbert
space H, is said to be regular if convergence with respect to d implies strong resolvent convergence
of operators (see Definition 2.2 ahead). One of the results stated in [15], the so-called Wonderland
Theorem, says that, for some regular spaces X , {T ∈ X | T has purely singular continuous
spectrum} is a dense Gδ set in X . Hence, for these spaces, by RAGE Theorem, for each compact
operator A and each ξ ∈ H, {T ∈ X | lim
t→∞
〈|ATξ |〉t = 0} contains a dense Gδ set in X . In this work
we present refinements of this result for three different classes of self adjoint operators.
1. General operators. Let a > 0 and endow Xa := {T | T self-adjoint, ‖T ‖ ≤ a} with the
metric
d(T, T ′) :=
∞∑
j=0
min(2−j, ‖(T − T ′)ej‖),
where (ej) is an orthonormal basis of H. Then, Xa is a complete metric space such that
metric convergence implies strong resolvent convergence.
2. Jacobi matrices. For every fixed b > 0, let the family of Jacobi matrices,M , given on ℓ2(Z)
by the action
(Mu)j := uj−1 + uj+1 + vjuj ,
where (vj) is a sequence in ℓ
∞(Z), such that, for each j ∈ Z, |vj | ≤ b. Denote by Xb the
set of these matrices endowed with the topology of pointwise convergence on (vj). Then, one
has that Xb is (by Tychonoff’s Theorem) a compact metric space so that metric convergence
implies strong resolvent convergence.
2
3. Schro¨dinger operators. Fix C > 0 and consider the family of Schro¨dinger operators, HV ,
defined in the Sobolev space H2(R) by the action
(HV u)(x) := −△u(x) + V (x)u(x),
with V ∈ B∞(R) (the space of bounded Borel functions) so that, for each x ∈ R, |V (x)| ≤ C.
Denote by XC the set of these operators endowed with the metric
d(HV , HU ) :=
∞∑
j=0
min(2−j , ‖V − U‖j),
where ‖V − U‖j := sup
x∈B(0,j)
|V (x) − U(x)|. Then, one has that XC is (again by Tychonoff’s
Theorem) a compact metric space such that convergence metric implies strong resolvent
convergence (Definition 2.2). Namely, if HVk → HV in XC , then, for every x ∈ R, one has
that lim
k→∞
Vk(x) = V (x). Therefore, for each u ∈ L2(R), by the second resolvent identity and
dominated convergence,
‖(Ri(HVk)−Ri(HV ))u‖L2(R) = ‖Ri(HVk)(Vk − V )Ri(HV )u‖L2(R)
≤ ‖(Vk − V )Ri(HV )u‖L2(R) −→ 0
as k→∞.
Next, we introduce a dynamic quantity, the time average of quantum return probability, and
its lower and upper decaying exponents, respectively, given by [3]
lim inf
t→∞
log
(
1
t
∫ t
0 |〈ξ, e
−isT ξ〉|2ds
)
log t
= −D+2 (µ
T
ξ ), (2)
lim sup
t→∞
log
(
1
t
∫ t
0
|〈ξ, e−isT ξ〉|2ds
)
log t
= −D−2 (µ
T
ξ ), (3)
where D−2 (µ
T
ξ ) and D
+
2 (µ
T
ξ ) denote, respectively, the lower and upper correlation dimensions of
µTξ (see Theorem 2.2 in [3]).
For every {en}n∈Z orthonormal basis of H and every q > 0 we also introduce the (time-average)
q-moment of the position operator at time t > 0, with initial condition ξ,
〈〈|X |q〉〉t,ξ :=
1
t
t∫
0
∑
n∈Z
|n|q|〈e−isT ξ, en〉|
2 ds.
Let the lower and upper transport exponents, respectively, given by
β−(ξ, q) := lim inf
t→∞
log〈〈|X |q〉〉t,ξ
q log t
, (4)
β+(ξ, q) := lim sup
t→∞
log〈〈|X |q〉〉t,ξ
q log t
. (5)
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In [6, 7] Carvalho and de Oliveira has been proven refinements of Wonderland Theorem for
some classes of discrete self-adjoint operators; in particular, they have shown, for the spaces Xa
and Xb, that the set of operators whose lower and upper correlation dimensions are simultaneously
zero and one (this corresponds to the distinct polynomially decaying rates for the quantum return
probability (2)-(3)), respectively, is generic [6] and that is true a dual result for the transport
exponents (which implies in distinct polynomially growth rates for the q-moments (4)-(5)) [7].
Thus, forXa and Xb (from the topological viewpoint) the phenomenon of quantum intermittency is
exceptional. In this paper we go beyond. Namely, we presented results that show this phenomenon,
for Xa and Xb, through of a more robust dynamic quantity (B) than these discussed in [6, 7]; more
specifically, thanks to the RAGE Theorem, we evaluate arbitrary decaying rates of (B) (Theorem
1.2). Moreover, in this work, we also developed an argument involving separability to extend
partially such results to the class of (continuous) Schro¨dinger operators XC (Theorem 1.3).
We shall prove following
Theorem 1.2. Let α : R −→ R such that
lim sup
t→∞
α(t) =∞.
For every compact operator A and every ξ ∈ H non null,
{T ∈ XΓ | T has purely singular continuous spectrum,
lim sup
t→∞
α(t)〈|ATξ |〉t =∞ and lim inf
t→∞
t〈|ATξ |〉t = 0}
is a dense Gδ set in XΓ for Γ ∈ {a, b}.
Remark 1.1.
1. Theorem 1.2 one says that, for Xa and Xb, typically Baire’s sense, expectation values of
compact operators, in time average, have distinct decaying rates; in particular, in this case,
typically, the rates with whom the trajectories escape, in time average, from every finite-
dimensional subspace, depend on subsequences of time going to infinite. We emphasize that
α, in statement of Theorem 1.2, can be chosen arbitrarily and that is well known that, about
rather general conditions on A, T and ξ, for every ǫ > 0,
lim inf
t→∞
t1+ǫ〈|ATξ |〉t =∞.
2. The proof from that
{T ∈ XΓ | lim inf
t→∞
t〈|ATξ |〉t = 0}
is a dense Gδ set in XΓ is a direct application of (2) and (3) (Theorem 2.2 in [3]), Lemma 3.2
and Theorem 3.2 (Theorem 2.1) in [13] and Theorems 1.2 and 1.4 in [6]. For the convenience
of the reader, we presented in details a simple proof of this fact here.
3. The proof from that
{T ∈ XΓ | lim sup
t→∞
α(t)〈|ATξ |〉t =∞}
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is a dense Gδ set in XΓ is more delicate since that involves an arbitrary growth of α. To prove
such result we use the RAGE Theorem combined with the fact that, for some γ(Γ) > 0,
Dγ := {T ∈ XΓ | σ(T ) = [−γ, γ] is pure point}
is a dense set in XΓ. For XΓ = Xa, is a direct consequence from the Weyl-von Neumann
Theorem [18, 19] that Da is a dense set in Xa (see proof of Theorem in 3.2 [15] for details),
whereas for XΓ = Xb is known that this can be obtained by using Anderson’s localization.
Namely, for every fixed b > 0, consider Ω = [−b, b]Z be endowed with the product topology
and with the respective Borel σ-algebra. Assume that (ωj)j∈Z = ω ∈ Ω is a set of independent,
identically distributed real-valued random variables with a common probability measure ρ
not concentrated on a single point and so that
∫
|ωj |
θdρ(wj) < ∞ for some θ > 0. Denote
by ν := ρZ the probability measure on Ω. The Anderson model is a random Hamiltonian on
ℓ2(Z), defined for each ω ∈ Ω by
(hωu)j := uj−1 + uj+1 + ωjuj.
It turns out that [1, 9, 16]
σ(hω) = [−2, 2] + supp(ρ),
and ν-a.s. ω, hω has pure point spectrum [5, 17] (see also Theorem 4.5 in [9]). Thus, if µ
denotes the product of infinite copies of the normalized Lebesgue measure on [−b, b], that is,
(2b)−1ℓ, then
Db+2 = {M ∈ Xb | σ(M) = [−b− 2, b+ 2], σ(M) is pure point}
is so that µ(Xb\Db+2) = 0.
4. We note that for XC the ideas presented above do not apply. Namely, this comes from the
fact that this is a space of unbounded operators and, to the best of our knowledge, still no
has been detailed in the literature arguments that show that
{H ∈ XC | σ(H) is pure point}
is a dense set in XC . In this context, in this work, we use the separability of XC to prove the
following result.
Theorem 1.3. Take α be as before. Then, for every compact operator A, there exists a dense Gδ
set Gα(A) in L
2(R) such that, for every ξ ∈ Gα(A),
{H ∈ XC | H has purely singular continuous spectrum on (0,∞)
and lim sup
t→∞
α(t)〈|AHξ |〉t =∞}
is a dense Gδ set in XC .
The paper is organized as follows. In Section 2, we present the proof of Theorem 1.2. In section
3, we prove Theorem 1.3.
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Some words about notation: H denotes a separable complex Hilbert space. If A is a linear
operator in H, we denote its domain by D(A), its spectrum by σ(A), its point spectrum by σp(A).
If ̺(A) denotes its resolvent set, then the resolvent operator of A at λ ∈ ̺(A) is denoted by Rλ(A).
For every set Ω ⊂ R, χΩ denotes the characteristic function of the set Ω. Finally, for every x ∈ R
and r > 0, B(x, r) denotes the open interval (x− r, x+ r).
2 General operators and Jacobi Matrices
We need some preliminaries to present the proof of Theorem 1.2.
Definition 2.1. A sequence of bounded linear operators (Tn) strongly converges to T in H if, for
every ξ ∈ H, Tnξ −→ Tξ in H.
Next, we present definitions of a sequence of (unbounded) self-adjoint operators (Tn) approach-
ing another one T .
Definition 2.2. Let (Tn) be a sequence of self-adjoint operators and let T be another self-adjoint
operator. One says that:
1. Tn converges to T in the strong resolvent sense (SR) if Ri(Tn) strongly converges to Ri(T ).
2. Tn converges to T in the strong dynamical sense (SD) if, for each t ∈ R, eitTn strongly
converges to eitT .
The next result shows that both notions of convergence are equivalent.
Proposition 2.1 (Proposition 10.1.9 in [8]). The SR and SD convergences of self-adjoint operators
are equivalent.
Definition 2.3. Let µ be a σ-finite positive Borel measure on R. One says that µ is Lipschitz
continuous if there exists a constant C > 0 such that, for each interval I with ℓ(l) < 1, µ(I) <
C ℓ(I), where ℓ(·) denotes the Lebesgue measure on R.
We need the following
Theorem 2.1 (Theorem 3.2 in [13]). If µTξ is Lipschitz continuous, then there exists a constant
Cξ such that for any compact operator A and t > 0
〈|ATξ |〉t < Cξ‖A‖1t
−1,
where ‖A‖1 denotes the trace norm of A.
Now we confirm the phenomenon of quantum intermittency for regular spaces of self-adjoint
operators about mild hypotheses.
Proposition 2.2. Let α as in the statement of Theorem 1.2 and let ξ ∈ H non null. Let X be a
regular space of self-adjoint operators. Suppose that:
1. For some γ > 0, Dγ := {T ∈ X | σ(T ) = [−γ, γ] is pure point} is a dense set in X.
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2. L := {T ∈ X | µTξ is Lipschitz continuous} is a dense set in X.
Then, for any compact operator A,
{T ∈ X | lim sup
t→∞
α(t)〈|ATξ |〉t =∞ and lim inf
t→∞
t〈|ATξ |〉t = 0}
is a dense Gδ set in X.
Proof. Since, for each t ∈ R, by Proposition 2.1 and dominated convergence, the mapping
X ∋ T 7→ α(t)〈|ATξ |〉t
is continuous, it follows that, for each k ≥ 1 and each n ≥ 1, the set
⋃
t≥k
{T ∈ X | α(t)〈|ATξ |〉t > n}
is open, from which follows that
{T ∈ X | lim sup
t→∞
α(t)〈|ATξ |〉t =∞} =
⋂
n≥1
⋂
k≥1
⋃
t≥k
{T ∈ X | α(t)〈|ATξ |〉t > n}
is a Gδ set in X . By RAGE Theorem, Dγ ⊂ {T ∈ X | lim sup
t→∞
α(t)〈|ATξ |〉t =∞}. Hence, {T ∈ X |
lim sup
t→∞
α(t)〈|ATξ |〉t =∞} is a dense Gδ set in X .
We note that, for each j ≥ 1,
Lj := {T ∈ X | lim inf
t→∞
t1−
1
j 〈|ATξ |〉t = 0}
is also a Gδ set in X . Since, by Theorem 2.1, for each j ≥ 1, L ⊂ Lj, it follows that, by Baire’s
Theorem,
{T ∈ X | lim inf
t→∞
t〈|ATξ |〉t = 0} =
⋂
j≥1
Lj
is a dense Gδ set in X , concluding the proof of proposition.
Proof (Theorem 1.2). As each T ∈ XΓ can be approximated by an operator whose spectral mea-
sures are Lipschitz continuous (see proof of Theorems 1.2 and 1.4 in [6] for details). The theorem is
now a direct consequence of Remark 1.1, Proposition 2.2, Theorems 3.1 and 4.1 in [15] and Baire’s
Theorem.
3 Schro¨dinger operators
In order to prove Theorem 1.3 we need of result to follow and a fine separability argument (check
below).
Lemma 3.1. Let T be a self-adjoint operator so that σp(T ) 6= ∅ and let α as in the statement of
Theorem 1.2 . Then, for any compact operator A
Gα(A, T ) := {ξ ∈ H | lim sup
t→∞
α(t)〈|ATξ |〉t =∞}
is a dense Gδ set in H.
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Proof. Since, for each t ∈ R, by dominated convergence, the mapping
H ∋ ξ 7→ α(t)〈|ATξ |〉t
is continuous, it follows that
Gα(T,A) =
⋂
n≥1
⋂
k≥1
⋃
t≥k
{ξ ∈ H | α(t)〈|ATξ |〉t > n}
is a Gδ set in H.
Given ξ ∈ H, write ξ = ξ1 + ξ2, with ξ1 ∈ Span{ξ0}⊥ and ξ2 ∈ Span{ξ0}, where ξ0, with
‖ξ0‖H = 1, is an eigenvector of T associated with an eigenvalue λ. If ξ2 6= 0, then
µTξ ({λ}) = ‖P
T ({λ})ξ‖2H
≥ 2Re〈PT ({λ})ξ1, P
T ({λ})ξ2〉+ ‖P
T ({λ})ξ2‖
2
H
= ‖ξ2‖
2
H > 0,
where PT ({λ}) represents the spectral resolution of T over the set {λ}. Now, if ξ2 = 0, define, for
each k ≥ 1,
ξk := ξ +
ξ0
k
.
It is clear that ξk → ξ. Moreover, by the previous arguments, for each k ≥ 1, one has
µTξk({λ}) > 0.
Thus, G := {ξ ∈ H | µTξ has point component} is a dense set in H. Nevertheless, by RAGE
Theorem, G ⊂ Gα(T,A). Hence, Gα(T,A) is a dense Gδ set in H.
Proof (Theorem 1.3). By the arguments presented in the proof of Proposition 2.2, for every ξ ∈
L2(R),
{HV ∈ XC | lim sup
t→∞
α(t)〈|AHVξ |〉t =∞}
is a Gδ set in XC .
Now given HV ∈ XC , we define, for every k ≥ 1,
Vk(x) :=
k
k + 1
χB(0,k)V (x)−
C
(k + 1)(|x|+ 1)
.
We note that, for each k ≥ 1 and each x ≥ k, Vk(x) ≤ 0. Moreover, for each k ≥ 1,
∞∫
k
Vk(x) = −∞.
Therefore, for every k ≥ 1, HVk has at least a negative eigenvalue [14]; in particular, σp(HVk) 6= ∅.
Since HVk → HV in XC , it follows that
Y := {HV ∈ XC | σp(HV ) 6= ∅}
is a dense set in XC .
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Now, let (HVk) be an enumerable dense subset in Y (which is separable, since XC is separable);
then, by Lemma 3.1 and Baire’s Theorem,
⋂
k≥1Gα(HVk , A) is a dense Gδ set in L
2(R). Moreover,
for every ξ ∈
⋂
k≥1Gα(HVk , A),
{HV ∈ XC | lim sup
t→∞
α(t)〈|AHVξ |〉t =∞} ⊃
⋃
k≥1
{HVk}
is a dense Gδ set in XC . The theorem is now a consequence of Theorem 4.5 in [15] and Baire’s
Theorem.
Remark 3.1. Note as this separability argument used in the proof of Theorem 1.2, in a sense,
has allowed to use a typical behaviour in L2(R) (Lemma 3.1) to find a typical behaviour in XC .
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